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We study the properties of an electron on a catenoid surface. The catenoid is understood as a
realization of a bridge connecting two graphene layer by a smooth surface. The curvature induces
a symmetrical reflectionless potential well around the bridge with one bound-state for m = 0.
For m 6= 0, a centrifugal potential barrier arises controlling the tunnelling between the layers.
An external electric field breaks the parity symmetry and provides a barrier that controls the
conductance from one layer to another. By applying a constant magnetic field the effective potential
exhibits a confining double-well potential nearby the bridge. We obtain the corresponding bound
states and study the effects of the curvature on the Landau levels.
I. INTRODUCTION
In recent years two dimensional nanostructures, such
as the graphene1,2,5, nanotubes3 and the phosphorene4
has attracted attention due to their unusual proper-
ties. A two-dimensional single layer of carbon, known as
graphene, exhibits no gap in the conductance band due
to Dirac points yielding to a high conductance material5.
The bilayer graphene, on its turn, presents a quadratic
dispersion relation which provides a gap in the conduc-
tance band. Such a gap allows the applications of the
bilayer graphene in electronics5.
Graphene properties can also be changed by the geom-
etry of the layer. In conical layers the curvature at the
tip induces topological phases6. Graphene strips in a he-
lical present chiral properties7–9 known as chiraltronics,
whereas Mo¨bius-strip graphene is a topological insulator
material10. The effects of ripples11 and corrugated12 sur-
faces upon electrons can also be described by geometric
interactions. The curvature of the graphene sheet also
produces effective interactions such as pseudomagnetic
fields13.
The study of quantum mechanics on surfaces is a long-
standing topic of debate. As pointed out by Dirac, the
commutations relations between the position and mo-
mentum operators ought to be modified by the constrains
which define the surface14. By means of Feynman path
integral, a classical particle minimally coupled to a sur-
face using the induced metric induces a quantum poten-
tial proportional to the gaussian curvature15–17. In an-
other approach, defining the Laplacian operator in the
tangent and normal coordinates and squeezing the parti-
cle on the surface, a geometric potential, known as the Da
Costa potential is obtained18. The geometric Da costa
potential depends on the squared of the gaussian and
the mean curvatures and yields to an attractive poten-
tial. This method also be extended to include external
fields19, spin in a Pauli equation20 and the Dirac equation
on surfaces21.
Curved graphene based structures can be used as
new electronic devices. A bridge between two paral-
lel graphene layers was proposed using a nanotube22,23.
A smooth bridge resembling a wormhole was proposed
whose geometry induces an attractive potential nearby
the throat brigde24. Another interesting bridge was pro-
posed using a single catenoid surface25. The catenoid
is a surface of revolution of the catenary along some
direction26. It has the remarkable property of be a min-
imal surface, i.e., a surface of least area26. As a result,
the catenoid has negative gaussian curvature whereas the
mean curvature vanishes at all points. The vanishing of
the mean curvature ensures that the momentum normal
to the surface vanishes identically27. Minimal graphitic
surfaces are hypothetical structures known to be stable28.
Besides the stability, the catenoid has the key property to
be asymptotically flat, thereby describing the two layers
far from the origin. Near the origin, the surface exhibits a
smooth curved throat connecting the upper to the lower
layer.
In this work we study the effects of the catenoid
curvature, as well as background electric and magnetic
fields, has upon a non-relativistic particle. In section
II, by assuming the geometric Da Costa potential, we
firstly adopt a coordinate system with enable us to define
asymptotic free states, as expected from the flat geom-
etry. Then, we analyse qualitatively the features of the
effective potential, such as its behaviour with respect to
the parity and time-reversal symmetry, due to the cur-
vature, electric and magnetic fields. In section III, we
employ numerical methods to obtain the energy spec-
trum and the eigenfunctions in order to study how the
curvature and external fields modifies the spectrum and
the bound states. Final remarks and perspectives are
outlined in section IV.
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2II. ELECTRON ON A CATENOID SURFACE
In this section we introduce the geometry and the dy-
namics of the electron on the doublelayer catenoid bridge.
As shown in fig.II, the double layer graphene bridge is
realized as a smooth minimal surface (least area) join-
ing the two planes. Near the bridge throat, depicted in
fig.(II), the symmetry about the z axis and the minimal
radius R are shown.
Consider an electron constrained to the catenoid sur-
face and governed by the Hamiltonian19,20
Hˆ =
1
2m∗
gijPˆiPˆj + Ve + Vg, (1)
where m∗ is the electron effective mass, Pˆi := −i~∇i −
eAk is the momentum operator of the electron mini-
mally coupled to the magnetic field, Ve is the electro-
static potential and Vg is a confining potential which
constrains the electron on the surface. The electron
couples with the surface by means of the induced met-
ric on the catenoid gij and the covariant derivative
∇iV j := ∂iV j + ΓjikV k, where ds2 = gijdxidxj and
Γjik =
gjm
2 (∂igmk + ∂kgmi − ∂mgik) is the Christoffel
symbol26. Throughout this work the index i, j = {1, 2}
and stand label the catenoid coordinates. In addition,
we consider a geometric potential, known as da Costa
potential VdC = − ~22m∗ (H2 − K), where H is the mean
curvature and K is the gaussian curvature18.
In cylindrical coordinates the catenoid is parametrized
as26
~r = R cosh (z/R) cosφiˆ+R cosh (z/R) sinφjˆ + zkˆ, (2)
where R the radius of the catenoid bridge, as shown in
figure II. We adopt a coordinate system on the catenoid
by taking the meridian u = u(z) = R sinh (z/R) and
the parallel φ. The meridian u ∈ (−∞,∞) and the par-
allel φ ∈ [0, 2pi) coordinates cover the whole catenoid.
In this coordinate system, the interval reads ds2 =
du2 + (R2 + u2)dφ2, and thence, the induced metric on
the catenoid is guu = 1 and gφφ = R
2 + u2. The non-
vanishing components of the Christoffel connection are
Γuφφ = −u and Γφuφ = uR2+u2 . Thus, the spinless station-
ary Schro¨dinger equation is written as
− ~
2
2m∗
[
Ψuu +
u
R2 + u2
Ψu +
1
R2 + u2
Ψφφ
]
+ ie
~
2m∗
Aj∇jΨ + e
2
2m∗
gjkA
jAk +
+
(
Ve − ~
2
2m∗
R2
(R2 + u2)2
)
Ψ = εΨ, (3)
where Ψj =
∂Ψ
∂xj . In the catenoid, the da Costa potential
VdC = − ~22m∗ R
2
(R2+u2)2 exhibits a parity-symmetrical po-
tential well with respect to u = 0. Asymptotically, the
da Costa potential vanishes what reflects the asymptotic
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Figure 1. Catenoid surface. Near the throat in fig. a) and
seen at a large distance in fig. b).
flat geometry of the catenoid. Furthermore, the curva-
ture provides an attractive potential which tends to trap
the electron on a ring around the origin.
From the axial symmetry of the surface, the wave func-
tion has the periodic behaviour
Ψ(u, φ) = Φ(u)eimφ, (4)
which yields the Schro¨dinger equation along the meridian
in the form
− ~
2
2m∗
[
Φuu +
u
R2 + u2
Φu
]
+ ie
~
2m∗
Aj∇jΦ + VeΦ (5)
+
[
e2
2m∗
AjA
j +
~2
2m2
(
m2
R2 + u2
− R
2
(R2 + u2)2
)]
Φ = εΦ.
Note that the symmetry of the catenoid with respect to
the z axis induces a parity invariant centrifugal potential.
Similar terms were found for the electron on a helicoid8,9.
A. Geometry effects
In order to understand the effects of the curved geom-
etry of the catenoid upon the electron, let us study the
properties of the wave function in absence of the electric
and magnetic fields. The stationary Schro¨dinger equa-
tion along the meridian (5) reads
Φuu +
u
R2 + u2
Φu +
−
(
m2
R2 + u2
− R
2
(R2 + u2)2
)
Φ = −2m
∗ε
~2
Φ. (6)
3Note that the Eq.(6) exhibits parity and time-reversal
invariance, as a result of the catenoid geometric symme-
tries, as we can see from the acting of parity Puˆ(z)P =
uˆ(−z) = −uˆ(z) and time reversal T uˆ(z)T = uˆ(z) oper-
ators upon u(z). Nonetheless, the first order derivative
term renders the Hamiltonian non-Hermitian, since[
i~
2m∗
uˆ
R2 + uˆ2
Pˆu
]†
= − ~
2
2m∗
[
− 2uˆ
2
(R2 + uˆ2)
+
1
R2 + uˆ2
]
− i~
2m∗
uˆ
R2 + uˆ2
Pˆu, (7)
where Pˆu := −i~∂u and uˆ are indeed Dirac hermitean.
The non-hermiticity of the free electron Hamiltonian is
not a problem, since the space-time reflection symme-
try is preserved, the spectrum of the eigenvalues of the
Hamiltonian is completely real33,34. Besides, there is an
Hermitean equivalent Hamiltonian that can be achieved
by a simple changing of variables. Considering the change
on the wave function
Φ(u) =
1
(R2 + u2)1/4
y(u), (8)
leads to an one dimensional Hermitian Schro¨dinger equa-
tion
− yuu + Veff (u)y = 2m
∗ε
~2
y, (9)
whose effective potential is given by
Veff =
~2
2m∗
[
(2m2 + 1)
2(R2 + u2)
− (3u
2 + 4R2)
4(R2 + u2)2
]
. (10)
Therefore, the dynamics of an electron on a catenoid with
Hamiltonian (1) is Hermitian equivalent to an electron
under the action of the effective potential in Eq.(10). The
equivalence between a non-hermitean Hamiltonian which
preserves the P T symmetry and an Hermitean one was
already discussed by a number of authors35–37.
The Schro¨dinger equation (9) allow us to obtain the
asymptotic free states. Indeed, for u→∞, the potential
(10) vanishes and the respective solution are
y(u) = A cos(ku+ ϕ) (11)
where k2 = 2m
∗ε
~2 . The same result can be obtained
from Eq.(6) and it reflects the asymptotic flatness of the
catenoid.
The effects of the curvature on the electron can be seen
by the features of the effective potential. In the fig.2
we present the effective potential for R = 70A˚ and we
adopt the effective electron mass in the graphene, m∗ =
0.03m0
30.
For m = 0 the centrifugal potential is absent and the
curvature produces the potential well around the origin of
the catenoid (solid black line). This symmetric potential
has a reflectionless shape and then, all asymptotic free
state k2 > 0 approaching the catenoid bridge near the
origin will undergo complete transmission32. The curva-
ture increases the depth of the potential which tends to
delta-type potential as R→ 0.
For m = ±1, the centrifugal term dominates over the
attractive term and the effective potential produces a
symmetric barrier around the origin (dashed red line).
Therefore, an asymptotic free electron can be partially
transmitted and reflected by the bridge curvature.
In the limit as R → 0, the stationary wave function
has the form Ψk,m(u) = NJm(ku)e
lθ, where Jm is the
Bessel function of first-kind. A similar wave function
was found by considering a Dirac fermion in a graphene
bridge build using two parallel layers and one nanotube
as the bridge23. Thus, even for a infinitely thin bridge,
an asymptotic free m = 0 state can tunnel from the up-
per (lower) layer to the lower (upper) layer through the
bridge. For m 6= 0 the wave function vanishes at the
origin, as expected from the potential barrier.
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Figure 2. The effective potential for R = 70A˚ and E = B = 0.
The thin black line correspond to m = 0 whereas the dashed
red line represents m = ±1.
B. Constant electric field
In this section we consider the electron under the ac-
tion of an external electric field pointing in the positive
z direction, i.e., ~E = Ekˆ. Projection the electric field
on the catenoid, we obtain ~Eu = E
R√
R2+u2
eˆu, where
eˆu =
∂~r
∂u =
1√
R2+u2
(ueˆρ + Rkˆ) and Eφ = ~E · eˆφ = 0.
The electrostatic potential energy upon the electron on
the catenoid has the form
Ve(u) = eER sinh
−1(u/R). (12)
Therefore, the effective potential becomes
Veff =
~2
2m∗
[
(2m2 + 1)
2(R2 + u2)
− (3u
2 + 4R2)
4(R2 + u2)2
]
+ eER sinh−1(u/R). (13)
4The background electric field breaks the parity symme-
try with respect to the coordinate u, since PVe(uˆ)P =
−Ve(uˆ). This effect is shown in the figs.3 in which an
electric field, of 1kV/cm, is applied over the catenoid.
The asymmetry on the potential produce a diode-like ef-
fect increasing the energy required to tunnel through the
bridge. However the presence of an external electric field
has no effect under time reversion, thereby the hamilto-
nian remains T -symmetric.
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Figure 3. The effective potential for R = 70A˚, E = 1kV/cm
and B = 0. The thin black line correspond to m = 0 whereas
the dashed red line represents m = ±1.
C. Constant magnetic field
Let us consider the properties of the electron subjected
to an external magnetic field ~B = Bkˆ. The vector poten-
tial ~A has the form ~A = 12
~B × ~r = B2
√
R2 + u2eˆφ, where
Aφ = Aφ(u) = B2
√
R2 + u2 and Au = 0. The effective
potential becomes
Veff =
~2
2m∗
[
(2m2 + 1)
2(R2 + u2)
− (3u
2 + 4R2)
4(R2 + u2)2
− eBm
~
+
e2B2
4~2
(R2 + u2)
]
+ eER sinh−1(u/R). (14)
The profile of the effective potential in the absence of
electric field E = 0 kV/cm and using B = 1 T, R = 70A˚
is shown in the figs.4. We increased the domain of the fig-
ures, to −2000A˚< u < 2000A˚, in order to improve their
visualization. For (m = 0) the potential exhibits a deep
well around the origin and a parabolic potential for larger
u. For m 6= 0, the magnetic field produces a symmetric
double well potential with a barrier around the origin.
Moreover, the term linear in m in the effective potential
Eq.(14) produces chiral effects by breaking the symme-
try m → −m as well as the symmetry under temporal
reversion. The parity symmetry remains unchanged in
the presence of a constant magnetic field.
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Figure 4. The effective potential for R = 70A˚, E = 0 and
B = 1 T.. The thin black line correspond to m = 0 whereas
the dashed red line represents m = 1 and the blue dotted line
stands for m = −1.
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Figure 5. The effective potential for R = 70A˚, E = 1 kV/cm
and B = 1 T.. The thin black line correspond to m = 0
whereas the dashed red line represents m = 1 and the blue
dotted line stands for m = −1
By applying an electric field E = 1 kV/cm the po-
tential exhibits an asymmetric double potential shown in
figs.5. This asymmetry can be used to trap the electrons
in ring-like regions near the bridge on the upper or lower
layers.
III. BOUND STATES
In the previous section we studied qualitatively the
features of the electron on the catenoid by examining the
characteristics of the potential. In this section we obtain
the bound states nearby the bridge due to the geometry,
electric and magnetic fields.
Firstly, let us rewritte the Schro¨dinger equation (5)
5as31
− ~
2
2m∗
1√
(R2 + u2)
d
du
(
√
R2 + u2Φu) + VeffΦ = εΦ.
(15)
We solve numerically the eq.(15) using the R = 70 A˚, and
m∗ = 0.03m0, that is, the effective mass of the carbon.
In fig.(6) we show the energy spectrum (Landau lev-
els) for the m = 0, m = 1 and m = 2 with their respec-
tive probability distribution in the absence of the elec-
tric field. For m = 0 the ground state (red dashed line)
has a gaussian profile localized around the origin (ca-
thenoid neck) whereas the first excited state (blue dotted
line) vanishes at the origin and has two symmetric peaks
around the origin. The ground state bears a resemblance
with the bound state due to the only the geometric poten-
tial. For m = 1, 2, the centrifugal term shifts the bound
states from the origin and produces bound ring-like states
at the upper and lower layers around the cathenoid neck.
An external electric field E = 1kV/cm the produces
an asymmetric effective potential which tends to trap
the electron on the lower layer, as shown in Fig.(7). For
m = 0 the asymmetry effect is stronger upon the first
excited state. The localization of the electron on the
lower layer increases with m. For m = 2 the first excited
state is localized in two ring-like regions.
IV. FINAL REMARKS AND PERSPECTIVES
We explored the electronic properties of double-layer
graphene bridge realized as a catenoid surface. A
Hamiltonian quadratic in the momentum was considered,
whose square is measured using the induce metric on the
surface. That prescription ensures the independence of
the kinetic term with respect to the coordinate system.
Along the meridian direction, we obtain a one dimen-
sional Hamiltonian with a non-Hermitian term steam-
ing from the momentum correction due to the Christoffel
symbols. By a wave function redefinition, we obtained
a Hermitian Hamiltonian whose effective potential car-
ries all the curvature effects. In addition to this minimal
coupling, we considered a potential depending on the cur-
vature, known as the da Costa potential18.
The geometry induces an attractive potential around
the origin whereas the axial symmetry provides a cen-
trifugal barrier. Both potentials vanish asymptotically
reflecting the asymptotic flat geometry of the catenoid.
Accordingly, free states are easily defined for u→∞. As
the free m = 0 states approach the bridge they ”interact”
with the surface with a reflectionless potential allowing
complete transmission. Nevertheless, the barrier ”felt”
by the m 6= 0 states produces transmitted and reflected
states. A detailed analysis of the scattered states by the
centrifugal barrier around the bridge is an important de-
velopment of the present work.
Moreover, we studied the effects of external field upon
the electron on the surface. It turns out that an elec-
tric field in the z direction breaks the parity symme-
try between the upper and the lower layers, producing a
diode-like step potential38. The effects of this asymmetry
on the conducting electrons is another worthy perspec-
tive. An external magnetic field yields a parabolic well
for m = 0 and a double well potential for m 6= 0.
We carried out numerical analysis to find bound states
trapped around the bridge due to the curvature and the
external fields. The m = 0 geometric potential well al-
lows one bound state, a characteristic feature of the re-
flectionless potentials32. The curvature also modifies the
Landau levels produced by an external magnetic field.
The parabolic potential for m = 0 is modified due to
the curved geometry, thereby altering the separation be-
tween the energy eigenvalues. The double-well potential
for m 6= 0 enables bound states on each minimum. These
bound states represents electrons trapped in ring-like re-
gions above or below the bridge. An interesting effect
to be investigated is the possible tunnelling of electron
between these two minimum. By applying an external
electric field, it is possible to produce a difference be-
tween the upper and lower minima. Further, the shift in
the Landau levels due to the curvature seems a promising
feature for quantum dots applications.
Besides the scattering analysis, the effects of the elec-
tron spin described by the Pauli equation is an import
improvement for future investigations. The thermody-
namic properties of an electron gas on this surface is an-
other noteworthy perspective.
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